The cycloid planetary gear drives designed in the so-called RV-type play an important role in precision power transmission. Not only the high reduction ratio, but also the shock absorbability is the significant advantage. However, the load analysis of such the drive is complicated, because the contact problem of the multiple tooth pairs is statically indeterminate. The aim of the paper is thus to propose a computerized approach of loaded tooth contact analysis (LTCA) based on the influence coefficient method, either for the contact tooth pairs of the involute stage or of the cycloid stage. The contact points are determined based on the instant center of velocity in the model. On the other hand, the shared loads of multiple contact tooth pairs are calculated numerically with a set of equations according to the relations of deformation-displacement and load equilibrium. The coupled influences of the loads acting on the involute and the cycloid tooth pairs are also analyzed considering the friction on the contact tooth flanks as well as the stiffness of the supporting bearings for the cycloid discs. With an industrial example, the contact pattern with distributed contact stresses and the shared load of each contact tooth pair during operation are simulated with aid of the proposed approach. The transmitted torques on the crankshaft, the displacements of the main components and the efficiency of each stage calculated accordingly are also illustrated in the paper.
Introduction
The demand on gear drives of automation machinery increases recently, so as to reduce the labor cost and to improve the productivity. Precise motion and high power transmission are the essential requirements for development of such the gear drives. Among various types of gear drives, the reducers combined with involute and cycloid planetary gears play an important role to fulfill this requirement. This type of gear drives, i.e., so-called RV-drives (Fig. 1) , has not only the advantage in high gear ratio, but also the good performances to share the transmitted load and to absorb the shock because of multiple tooth-pairs in contact. The conventional involute planetary gear, by contrast, can not fulfill the extreme requirements.
Besides the geometrical design of the tooth profiles for the backlash and the transmission accuracy, the load analysis is the most important issue for successful application of such the drives. Two essential tasks must be handled for the analysis. First, the statically indeterminate contact problem of multiple tooth pairs should be solved. Second, the influences of the stiffness of components, the friction, the flank modification and the assembly/manufacturing errors on acting loads should be considered in the analysis model. Some calculation approaches for load analysis of the mentioned cycloid planetary gear drives can be fund in some but a little research papers. For example, Dong et al. (1996) proposed a calculation approach for calculating the acting forces in the cycloidal gear drive, where the bearing stiffness is assumed as the same. Yang (1989, 1990) analyzed the influence of the manufacturing errors on the transmitted load and transmission errors. Hidaka et al. (1994) proposed an analytical method to analyze the influence of manufacturing errors. The analytical approach is later compared with FEM analysis by Ishida et al. (1996) . Gorla et al. (2008) develop a simplified approach to analyze the contact stress and also conducted an experiment to validate the theoretical analysis results. Another approach for load analysis of the cycloid gear drives is the finite element method (FEM). It is the mostly applied method and can be found in some of the research papers, for example, Blagojevic et al. (2011) , Kim et al. (2009) , Li (2014) and Thube and Bobak (2012) . However, the simulated results of the shared load and contact stress are strongly affected by the accuracy and the configuration of the element meshing because of the multiple contact tooth pairs.
An alternative numerical approach other than FEM, i.e. loaded tooth contact analysis (LTCA) approach, is also developed. The unknown shared loads of the multiple contact tooth pairs are solved numerically with a set of derived analytical equations. The essential equations are divided into two types of relations, namely the equations of deformation-displacement and the equations of load equilibrium. The LTCA approach is applied successfully in the involute gear drives, e.g., Schulze et al. (2009), Wu and Tsai (2009) , Leque and Kahraman (2015) , Neubauer et al. (2015) , Ye and Tsai (2016) . However it is less applied in the cycloid planetary gear drives.
The authors have thus developed an LTCA approach based on the influence coefficient method to analyze the contact characteristics of the cycloid tooth pairs (Tsai et al., 2015a (Tsai et al., , 2015b . Because only the cycloid stage is considered in the mentioned two papers, a complete LTCA model including both the involute and cycloid gear stage is further developed in this paper. The coupled influences of the loads acting on the involute and the cycloid gears are therefore studied considering the influences of the friction on the contact tooth flanks as well as the stiffness of the supporting bearings for the cycloid discs. However, flank modification and errors are not present in the paper in order to simplify the model. With aid of the proposed LTCA approach not only the contact characteristics, e.g., the shared loads, the contact patterns with distributed contact stress, and the transmitted torques, but also the displacements and the efficiency can be analyzed. The effective performances of the proposed LTCA approach are also represented in the paper with an example from industrial application. Fig. 1 Application of the cycloid planetary gear reducer. The drives can be used for some extreme application, e.g., the tunnel boring machines (left) for power transmission with shock or the robotics drives (right) for compact design with high reduction ratio and minimum backlash.
Theoretic background
The fundamentals of the proposed LTCA model consist of the geometric and kinematic relations as well as the loaded contact relations. The latter are established with combination of the deformation-displacement and load equilibrium equations based on the influence coefficient method, which are derived according to the contact points determined from the former relation. Because the contact problem of the multiple tooth pairs is very difficult to solve accurately by using FEM, the proposed LTCA model is also validated here with comparison of FEM according to the contact analysis of a single contact pair.
Geometric and kinematic relations

Structural characteristics
The proposed reducer consists of an involute gear stage and a cycloid stage with two discs. As the structure in Fig.  2 shows, the involute gear stage is a planetary gear drive without a ring-gear, each planet gear is mounted on the crankshaft. This structure enables the power split through the three crankshafts to improve the shaft stiffness problem from the traditional "Cyclo-drive" design. The split power is combined again in the cycloid stage to the output element, namely either the pin wheel or the carrier. Another advantage comes from ease of controlling the accuracy. The cycloid gear stage is similar to the planetary gear system without a sun gear. The three crank shafts drive the two cycloid discs to perform a differential motion. In this stage, each of the two cycloid discs are supported by bearing rollers with a cage, Fig. 3 , and arranged with a phase angle 180° to balance the eccentric forces.
The reduction ratio of the reducer can be calculated with the stationary gear ratio u g of the involute gear stage and the gear ratio u c of the cycloid stage, i.e., 
The final reduction ratio is calculated according to the two application conditions: (a) the pin-wheel as the output and the carrier as fixed,
(b) the carrier as the output and the pin-wheel as fixed, Fig. 2 The structure of the RV reducer. It consists of an involute planetary gear stage and a cycloid planetary gear stage, usually with two discs. The input power is split by the three involute planetary gear, and combined again through the cycloid discs to the pin wheel or the carrier. Fig. 3 The geometrical and kinematic relation of the cycloid stage. The important design parameters for the drive are the pitch circle radius R C of the pin wheel, the radius r P of the pin, the eccentricity e of the crank and the pitch circle radius r R of the bearing centers. In order to simply the analysis, the carrier is regarded as fixed in the paper. Because the three cranks rotate with the same angular speed  C during operation, the center O C of the cycloid disk performs in a revolution motion also with  C around the center O P of the pin wheel. If the cycloid disc is regarded as fixed, the center O P moves also relatively in a revolution. The kinematic relation will be simplified by using the relative motion and the instant center of velocity I C .
Determination of the Contact Points
The positions of the contact points are essential for tooth contact analysis. If either the involute or the cycloid tooth pairs are not modified, the planar analytical methods are suitable to determine the contact points.
While in rotation of the gears, the contact point of the sun gear and the planet gear in the involute stage should always fulfill the characteristics of involute gearing: the sum of the arcs of the rolling angle  S (sun) and  P (planet) of the involute profile must be equal to the length of the tangent point on both the base circles of the two gears, i.e., the equation is valid for the calculation,
where the involute profile of gears is defined as
The contact points of the cycloid tooth pairs, on the other hand, can be determined by using the method of the instant center, Fig. 3 or Fig. 4 . The instant center I C is located on the line of the centers O P O C with the relation (Tsai et al., 2015a) ,
The location of I C changes with the rotation angle  C of the crank. The common normal vector of each contact tooth pair must pass through this instant center. The contact point M i with the profile variable  i can be determined by the equation, see Fig. 4 (Tsai et al., 2015a) :
The coordinates of the contact point can be obtained by substituting the angle  i into the equation of the cycloid profile,
with the pressure angle ,
The transmission angle  i between the contact normal and the line of the centers O P O C can be derived as
The contact condition of the second cycloid disc, which is located on the crank with a phase angle , can be also determined by applying the relations mentioned above with an additional angle . Because the normal vector of each contact tooth pair passes through the instant center, the contact point with the profile variable  i can be determined with the angle  C . The transmission angle  i is also obtained. With the geometrical relation, the equivalent displacement due to the three displacements  t , r and   as well as the decomposition of the acting forces F Pi and F Ri can be determined accordingly.
LTCA model of the complete mechanism
The proposed LTCA approach based on the influence coefficient method is suitable to solve the problem of multiple pair contact. In the following, a complete model is developed for the involute and cycloid tooth pairs with considering the influences of the bearing roller stiffness and the friction.
LTCA model for a single tooth pair
The basic LTCA model is based on the linear elastic deformation of two elastic bodies in contact. Only one of the following contact conditions of two points Q 1 and Q 2 with a separation distance h can be valid according to the relation of the deformation w k and the displacement , Fig 
In order to simulate the stress distribution, the contact region is discretized into a finite number of units with the same area s, see Fig. 5(b) . The deformation w i-k,j on a unit P k due to a load (or pressures) p j acting on unit P j of the flank i can be expressed by a influence coefficient f i-k,j ( Hartnett, 1979 ( Hartnett, , 1980 , i.e.,
The total deformation w i-k of point k due to all the distributed loads can be calculated by the all influence coefficients f i-k,j and the contact stresses p j in the contact region (Wu and Tsai, 2009) ,
The equation of load equilibrium is equal to
The LTCA model can be thus established together with the equations of deformation-displacement and the equation of load equilibrium as a matrix equation (Wu and Tsai, 2009) ,
This equation can be solved with aid of LU-decomposition method. Because the initial region is not the actual contact area, some of the calculated pressures may be negative, i.e., the corresponding discrete units are out of contact. The matrix A and H will be reduced by excluding these units. The solving process will be iteratively repeated until no negative pressure is calculated, and then the contact pattern can be simulated with the distributed non-zero pressures. The discretization of the contact region. The result deformation of each point P k due to all the pressures acting in the active region can be calculated by using the influence coefficients. The contact pattern can be calculated iteratively until no negative pressure present.
Comparative analysis with FEM
In order to validate the accuracy of the influence coefficient method, two cases for contact of two cylindrical surfaces are analyzed by using the FEM analysis software (MSC Marc) and the proposed approach, respectively. The essential data of the cases are listed in Table 1 . The FE models of the two cases are shown in Fig. 6 . The element type is Hex8 (6 faces and 8 nodes). With the special algorithm of the FEM software, i.e., "Solver Constrain Method", no special elements are required to be placed at the points of contact for solving the contact problem. The motion of the two objects are restricted only in the direction of the contact normal. The calculated results from FEM and the proposed LTCA approach are shown in Fig. 7 . It can be recognized the good agreement of the results. The mesh stiffness calculated by influence coefficient method is reliable for the tooth contact analysis. Huang and Tsai, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) 
The FEM models for contact analysis of two objects. The model on the left is used for case 1, and on the right for case 2. Both the bodies in each analysis model are constrained so as displaceable only in the direction of the contact normal, i.e., the contact plane. The force are applied on the top of object 1. 
Deformation-displacement relations
In general, displacements in the drives are induced due to the deformation of the components under loading. The angular displacements must be converted into the normal displacements, so as to derive the relation of deformationdisplacement for contact tooth pairs. A simplified stiffness model is at first considered as a aid for the derivation. These displacements are essential to determine the shared loads on the contact tooth pairs. They and the corresponding relations of deformation-displacement are discussed as follows.
Stiffness Model
The relations of deformation-displacement and the load equilibrium for the cycloid planetary gear reducer can be analyzed with aid of the simplified one-dimensional spring model, as shown in Fig. 8 . In the study case, the pin wheel is regarded as fixed with a output torque. An angular displacement is applied to the sun gear. Three types of displacements of the sun  SG , the planets  PG and the cycloid disc  C must be considered, and the corresponding equations of load equilibrium can be also derived. An equation of deformation-displacement is also valid for each contact tooth pair. Fig. 8 The spring model for RV reducer. Not only the meshing stiffness of the gear tooth pairs, but also the bearing stiffness is involved in the model. Three types of displacement are essential for load analysis: the angular displacement of the sun gear  SG and the planets (or the cranks)  PG , as well as the displacement of the cycloid disc  C .
Relations of involute gear tooth pairs
The sun and the planets in the involute gear stage rotate with an additional angular displacement  S and  P , respectively, due to the deformation of tooth contact. The relation for the k th unit of tooth pair i due to all the acting pressures p j are expressed as
Relations of cycloid-pin tooth pairs
Because of the bearing flexibility, the induced displacement  C of the disc can be divided further into three components, the rotational displacement   , and the translational displacements  r and  t , each in the radial and the tangential direction according to the center line of O P and O C , respectively, see Fig. 4 and Fig. 9(b) . The relation for the k th unit is valid as
where the equivalent factors q for the displacements are
Load equilibrium relation
The relation of load equilibrium is another essential static relation for determination of loads. Considering the influence of the friction force, the equations of load equilibrium are divided into three sets associated with the pin-wheel, the cycloid disc and the crankshaft. More details are discussed below.
Torque equilibrium of the pin-wheel.
Because the pin-wheel is fixed with a output torque T out , all the normal and the friction forces that act on the pins cause a torque equal to T out , see Fig. 4 and Fig. 9(a) , i.e.,
Load equilibrium of cycloid disc
Because the cycloid is flexibly supported by the bearing rollers, the acting loads on the disc must be in load equilibrium with the bearing reaction forces due to the three corresponding displacements, see Fig. 4 and Fig. 9(c) . The bearing stiffness c Brg is linearized as a constant in the paper. The relation of the force equilibrium in the radial direction is expressed as the equation:
and in the tangential direction:
Another relation is the equation of moment equilibrium for the cycloid disc, i.e., 
Torque equilibrium on the crank shaft
The torques acting on the crank shaft is induced by the bearing reaction forces and also by the forces acting on the planet gears. The equation is valid for each crank shaft:
where the direction factor q i-j is determined according to the meshing condition of the gear pair as listed in Table 2 .
Similarly, the torque acting on the sun gear, i.e., the input torque for efficiency calculation, can be calculated as
(28) 
Separation distance of engaged flanks
According to the proposed LTCA model, the separation distances h between the contact teeth on the contact region are essential for calculation of distributed stresses. It is affected not only by the tooth profiles of both the engaged flanks, but also the arrangement of the gears with or without errors. In the study, only the theoretical profile and ideal arrangement are considered.
Cycloid-pin tooth pairs
The separation distance h j at the position l Mj in the direction of the contact normal consists of two parts: the distance h Mj of point M j on the cycloidal flank to the common tangent plane, and the distance h Cj of point C j on the circular pin.
The distance h Cj is equal to
The separation distance h Mj can be determined by the vector relation (Tsai et al., 2015b) , Fig. 10(b) ,
where the profile variable  Mj for the position vector r Mj is determined by solving the equation,
Involute Gear Tooth Pairs.
With the normal n Mj and the tangential vector t Mj of the contact point, the separation distance h Mj of the involute tooth pairs can be also determined by the approach mentioned above, i.e., Eq. (30) and (31) are also valid for involute tooth. 
Formulation of the Matrix Equation
The deformation-displacement equations for involute and cycloid tooth pairs as well as the equations of load equilibrium, which are derived above, can be further expressed in a form of matrix equation as 
This equation can be solved with aid of LU-decomposition method effectively. The same convergence approach can be referred in section 2.2.1, or (Wu and Tsai, 2009; Tsai et al., 2015a) .
Numerical Examples
Overview of the Gear Reducer
This study case is used for a reducer of pipe-jacking tunneling boring machine. The essential gearing data and the material property are listed in Table 3 and Table 4 , respectively. The friction coefficient with the value of 0.1 is applied in the calculation. 
Contact characteristics of involute tooth pair
The variation of the shared load of a single tooth pair during meshing is illustrated in Fig. 11 . Because the tooth number of the sun gear is a multiple of the planet numbers, the contact positions of the three sun-planet gear pairs are the same during gear meshing. In other words, the variation of shared loads and contact stress for each planet are also the same. The analyzed result is not different from those that can be found in many literatures, e.g., (Ye and Tsai, 2016) .
The variation of the contact stress is also similar to that of the load sharing. The contact stress at the middle of face-width on a singe flank during gear meshing illustrates three segments according to the number of contact tooth pairs (Ye and Tsai, 2016 ), see Fig. 11 .
The contact stress distribution on a flank of a contact tooth pair is illustrated in Fig. 12 . This LTCA approach simulates the contact pattern and even also the non-Hertzian contact. The typical saddle-shaped distribution caused by the stress concentration on both the face-ends of flank can be also found in the simulated result.
Because the analysis results are similar to those from a single involute gear stage (Tsai et al., 2015a (Tsai et al., , 2015b , the influences of the stiffness in both the two stages are not coupled. 
Contact characteristics of cycloid tooth pair
The variation of the load sharing on an individual cycloid flank is shown in Fig. 13 . The results of the second cycloid disk is same as the result of the first cycloid disk, and are not illustrated here. The influences of the bearing stiffness and the friction can be obviously observed in the diagram. The begin and the end of contact in such the cases occur earlier than the ideal case without considering the friction and the bearing stiffness, namely less tooth pairs are in contact. The maximum shared load increases thus with the influence of the bearing stiffness and the friction.
The variation of the contact stress is similar in tendency as the result of the load sharing in Fig. 13 , but the maximum contact stress does not occur at the position where the maximum shared load is present. Similar result by using FEM can be found in (Do et al., 2015) . The curvature relation of the contact profiles plays here an important role. The friction force has also less effect on increasing the contact stress, but the value is a little greater than that without considering the friction force. Figure 14 shows the contact stress distribution of the contact point near the inflection point. The saddle-shaped distribution is similar to that of involute gear. Such the concentrated stress can be reduced by end-relief of the face-width of the disc. Because the curvature of the tooth profile changes from concave to convex on the inflection point, the stress distribution along the minor axis of the contact pattern appears an asymmetrical distribution.
The contact characteristics are also similar to the results from the analysis of a single stage (Tsai et al., 2015a) . Because the deformation influences of the crank shaft and the carrier are not involved in the analysis model, the contact characteristics of the cycloid stage in this case are not affected by the stiffness of the involute stage. A E Fig. 13 The variation of the load sharing and the contact stress on an individual flank of the cycloid disk. The variation of load sharing factor is strongly influenced by the bearing stiffness and the friction force. On the other hand, the variation of contact stress is mainly influenced by the curvature of the cycloid profile.
Fig.14 The stress distribution of cycloid flank. Similarly as the involute gear flank, a saddle-shaped stress distribution (left) is also recognized clearly. Because the contact position is near the inflection point, the asymmetrical stress distribution along the profile direction (right) is also simulated.
Displacements due to deformation in the cycloid stage
Because the cycloid disc is flexibly supported by the bearings, a displacement is thus induced due to the deformation. This displacement can be divided into three displacements in different directions: two translational displacements and one rotational displacement. The periodical variation of both the tangential and radial displacement of the cycloid disc is shown in Fig. 15 . The variation of the displacements of the second cycloid disc is the same as that of the first cycloid disc.
The tangential displacement of the cycloid disc varies similarly as a sinus curve. The peak-to-peak value is about 0.05 m, much smaller than that of the radial displacement, 0.094 m, because most of the bearing displacement in this direction is contributed by the rotation of the crank.
The variation of the radial displacement is also periodical, but not similar to a sinus curve. The period with a value of 360°/z 3 = 9.23° is associated with the change of the cycloid tooth pair. For example, the first pin moves out of contact at about 2.6º in the diagram and the second pin at about 11.9º. In each period, the direction of the radial force of an tooth pair changes at the transmission angle   90°.
The angular displacement of the cycloid disc has a constant value of -32.66 arcsec and is thus not illustrated graphically, because the reaction moment and the constant bearing stiffness are constant. Fig. 15 The variation of the translational displacements of the cycloid disc. The peak to peak value of the radial displacement is larger than that of the tangential displacement. Both the periodical variations have the same period.
Displacements due to deformation in the involute stage
The variation of the angular displacement of each planet is the same with each other and similar to a sinus curve, see Fig. 16 . The change of the numbers of the contact tooth pairs dose not affect this displacements because the angular displacement of the planet is only influenced by the relation of the tangential displacement of the cycloid disc and the transmitted torque (or the tangential force). On the other hand, the change of the contact tooth numbers affects strongly the angular displacement of the sun gear. The jump of this angular displacement is about 8 arcsec, while the peak-to-peak value is about 15.1 arcsec. Fig. 16 The variation of the angular displacement of the planet gear and the sun gear. The angular displacement of the sun gear varies with a larger jump due to the number change of the contact tooth pairs. By contrast, the variation of the angular displacement of the planet is similar to a sinus curve.
Transmitted torque on the cranks
It can be clearly observed from the results in Fig. 17 that the transmitted torque on each crank varies periodically between the value of about -17.22 Nm and 83.89 Nm. Because the phase angle of the transmitted torque between the first and the second disc is 180°, the sum of the transmitted torques on the same crankshaft becomes constant with a value of 66.67 Nm. Consequently the torque is split evenly to the three planet gears.
Efficiency of the drive
The calculated efficiency of the drive is shown in Fig. 18 , including the efficiency of each single stage and the complete drive. In the cycloid stage, the worst efficiency varies in a small range between 92.5% and 92%. By contrast, the efficiency of the involute stage reaches the highest value 1 on the pitch point, and the smallest value in the segment of double tooth-pair contact. The jump of the variation is caused by the change of the contact tooth-pair number. The total efficiency of the drive varies between 92.4% and 89.7%. 
Effiiciency
Rotating angle of the crankshaft [degree]
Involute stage Cyclo stage Total Fig. 18 The variation of the efficiency. The efficiency of the cycloid stage is considered with the worst condition that the rolling of the pins can not be ensured. In this case, The efficiency of the involute stage is higher than that of the cycloid stage. The average efficiency of the complete drive is thus about 91%.
Conclusion
An LTCA model for complete cycloid planetary drives based on the influence coefficient method is proposed. The influences of the bearing stiffness and the friction are also involved in the model. The contact stress and the contact patterns of the engaged teeth can be simulated efficiently by the proposed approach. The analysis results from a practical example enable us to draw the following conclusions:  The bearing stiffness and the friction do not only reduce the number of contact tooth pairs in the cycloid stage but also increase the maximum shared load and the maximum contact stress.  The shared load and contact stress on an individual cycloid tooth pair during meshing are not affected by the stiffness of the involute stage.  The cycloid disc will move periodically under load acting due to the bearing stiffness during the gear meshing.  The transmitted torque caused by a disc on each crank varies periodically. It can be balanced by using two discs having a phase angle 180°.
 The average efficiency of the complete cycloid drive in the worst case without rolling of the pins is about 91%, while the average efficiency of the cycloid stage is 92.3%.
The proposed LTCA approach can be extended not only to simulate the contact characteristics of the bearing rollers, but also to involve the influences the deformation of the crankshaft and the carrier, the manufacturing/assembly errors as well as the flank modification in the model additionally.
